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Abstract

Moment mobilities are difficult to measure because there is no simple way to excite a structure with a
well-controlled moment. In this paper, a technique to apply a nearly pure moment is presented. It is based
on a simple approach that uses two impact forces applied, respectively, by two impact hammers. The limits
and the validity of this approach are first examined theoretically on a simply supported plate. Comparisons
between the excitation by two distant opposite forces and by a pure moment are performed. Then, the
coupling between the two hammers and the structure during the impact phase is considered in order to
analyze practical limits of obtaining identical forces impacting at different locations. Finally, a detailed
description of the experimental system developed to obtain identical synchronized forces is presented. Two
hammers driven by electric motors controlled by a Digital Signal Processor are used. Experimental results
are compared to theoretical predictions. It is shown that the technique yields accurate measurements of
moment frequency response functions.
r 2002 Elsevier Science Ltd. All rights reserved.

1. Introduction

For a complete characterization of a dynamic system, moment mobility measurements are required
since all six degrees of freedom are of interest [1,2]. Exciting a structure with only a moment
component poses numerous difficulties. Several methods have been proposed in the past [3–5].
Attaching two shakers directly to the structure or through an attachment fixture is the traditional
method. A global approach requires to attach a six-degree-of-freedom transducer [6]. Some
techniques use an intermediate T-like structure or an I-like beam [7,8] to impose simultaneously
moments and forces. None of these techniques succeeds in easily applying only a moment component,
and some of them require complex post-analysis to extract the different excitation components.
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In this paper, a technique is proposed to excite a structure with a nearly pure moment obtained
from a force couple. Part of this study has been presented in Refs. [9,10]. The technique is based
on a simple approach that uses two impact forces applied by two hammers as detailed in Section
2. These two, ideally identical forces have parallel lines of action, separated by a known distance,
and are opposite in direction. In the simplest configuration the forces are applied on both sides of
the structure. If only one side is available, an additional I-beam or T-beam can be used to transmit
the couple. The time varying moment is the product of the instantaneous force amplitude
multiplied by the distance between them. The strengths and weaknesses of this moment excitation
technique by impact are the same as those of the force impact technique [11,12]. The main
advantage of this approach compared to previous ones is that it allows the excitation of the
structure with only a moment of a couple. Furthermore, the quality of the applied excitation can
be monitored and evaluated during the test since no post-analysis needs to be achieved.
The implementation of this apparently simple approach poses, however, some difficulties.

Rigorously, two forces separated by a small distance cannot generate a high amplitude localized
moment. The distance between the lines of action of the forces must not be too small, unless the
applied forces have a very high amplitude. This aspect is studied in Section 3 by comparing the
mobilities generated by two identical forces and by a pure moment. Also, the two impact hammers
are sensitive to the local input impedance of the structure, which can be different for the two
application points. When this is the case, it affects differently the time varying shape of each force,
which does not allow one to excite the structure with a pure couple. To study the limits and the
validity of the approach, a theoretical model has been developed and is presented in Section 4.
The model takes into account the coupling between the impact hammers and the structure. Each
impact hammer is modelled by a one-degree-of-freedom system. The characteristics of the
hammer are identified from experimental measurements. The influence of several parameters is
examined through the comparison of the predicted mobilities obtained with two strictly identical
forces or with two realistic forces.
The experimental implementation of the technique is described in Section 5. Two miniature

impact hammers driven by two brushless electric motors controlled by a Digital Signal Processor
are used. It is shown that automatic calibration and adjustment techniques based on an energy
comparison scheme allow one to obtain two nearly identical forces. It is possible to have a direct
estimation of the quality of the measurement if, for example, one measures simultaneously the
frequency response functions (FRFs) between a given output and the two input forces. Indeed, the
two FRFs are identical only if the forces are identical. Comparisons between theoretical and
experimental moment accelerance FRFs are presented. It is shown that the technique is viable and
can give reliable results. Due to the application of two distinct forces to generate a couple, the
force separation distance and the force amplitude have to be selected to cover the desired
frequency range.

2. Basics of the technique

The technique can be used in the different configurations shown in Fig. 1. The two forces F1

and F2 are always parallel and opposite in direction. The forces separated by a distance d generate
a moment MC ; which is considered to be applied at mid-distance between the application points of
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the two forces. Assuming that both forces are identical, the moment amplitude is simply MC ¼
Fd: When possible, the forces are applied on both sides of the structure. A small I- or T-beam can
also be used to transmit the excitation. In these latest cases, corrections must be performed to take
into account the loading effects of the moment exciter devices [2]. Nevertheless, the advantage of
generating an almost pure moment remains.
In this paper, the configuration with forces on both sides of the structure is used for sake of

simplicity and to avoid a post-analysis. The limit of validity of generating a moment using two
identical forces is first examined.

3. Moment using two forces

Two forces separated by a distance of few centimeters cannot apply a theoretical point moment
to a structure. The situation is equivalent to the measurement of acoustic intensity using two
microphones. The main systematic error is inherent in the approximation of the force gradient by
a finite force difference. However in practice, as it will be shown, this approach frequently yields
accurate results but imposes a high-frequency limitation.
To examine the importance of this limitation, the rotational moment mobility generated by a

localized moment is compared to the moment mobility generated by two forces. A Love–
Kirchhoff simply supported plate (sine mode shapes) is used for the calculation. For the same
frequency span, two plate thicknesses and two plate separation distances are selected. Results are
shown in Figs. 2 and 3. The curves peak differences are provided with the arrows and the value in
dB near each peak.
For a thin plate and for a distance d of 3 cm (Fig. 2a), a moment generated by two forces gives

an accurate estimation of the moment mobility. As d is increased to 10 cm, some discrepancies
appear in the higher frequencies (Fig. 2b). For a thicker plate as shown in Fig. 3, even a large
value of d gives acceptable results for almost all the modes in the shown frequency span. As
indicated in Ref. [13], the structural wavelength of the mode relative to the distance d is the
dominant factor. For both thicknesses, the error on the magnitude of the resonance peaks remains
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Fig. 1. Plate showing the points of application of the forces and of the response. Several configurations of excitation are

shown on the side view.
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smaller than 2 dB for modes with the wavelength in the direction of d larger than 2d: For a
distance d of 10 cm, this high-frequency limit corresponds to the mode at 366Hz for the thin plate
(Fig. 2b) and 583Hz for the thick plate (Fig. 3). This analysis is quantitatively confined to the case
of thin plates but is qualitatively general and consistent with the observation made in Ref. [13]
concerning the measurement of rotation by the finite difference approximation.
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Fig. 2. Comparison between the localized rotational moment mobility ( ) and the rotational mobility generated by

two forces (——) for two distances d between the forces. Plate thickness: h ¼ 2mm. (a) d ¼ 3 cm; (b) d ¼ 10 cm.
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4. Theoretical model of impact

The objective of this section is to examine the feasibility of using two impact hammers to
generate two simultaneous identical forces. Since the hammer hits at two separate locations on the
structure, the local stiffnesses as seen, respectively, by each hammer are necessarily different. It is
thus important to check if the coupling between the hammer’s response and the structure
influences the forces noticeably and differently. It is worth to remember that if one wants to apply
a nearly pure moment, the forces have to be nearly identical.

4.1. Hammer model

The objective is to obtain a simple tool to analyze the coupling between the structure and the
hammer. For sake of simplicity, a simple one-degree-of-freedom model is used to predict the
vibration behavior of the hammer as shown in Fig. 4. The soft tip is represented by a spring with a
stiffness constant k1 and a viscous dashpot with a damping coefficient c1: The hammer tip, the
force transducer and the hammer head masses are represented by the mass m1: The displacement
of the mass is x1:
A PCB general-purpose impact hammer equipped with a soft-plastic tip (nylon) is used to

impact a nearly rigid wall with a very low point mobility. The appropriate values for k1; c1; and m1

are determined through curve fitting on the impact force time history. The applied force is
F ¼ k1x1 þ c1 ’x1; and the initial conditions at t ¼ 0 s are x1ð0Þ ¼ 0 and ’x1ð0Þ ¼ v0; where v0 is the
known impact velocity. Since the force is null at the beginning of the impact, Fð0Þ ¼ c1v0E0; the
curve fitting leads to a small value for the damping parameter c1: Fig. 5 compares the measured
impact force time history with the prediction of the identified model. The discrepancy is relatively
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Fig. 3. Comparison between the localized rotational moment mobility ( ) and the rotational mobility generated by

two forces (——) for a plate of thickness h ¼ 3:18mm and a distance between the forces of d ¼ 10 cm.
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small keeping in mind that the objective of using a one-degree-of-freedom model is to have simple
means to represent the behavior of the hammer. To have a more accurate model, one would need
to take into account that the stiffness k1 is not constant because the round part of the tip changes
shape during the impact, especially for strong impacts.

4.2. Plate–hammer model

4.2.1. Time domain model of a hammer impact
In this section, a model that couples the previously developed hammer model with a simply

supported plate is presented. During the impact phase, the system is represented as a coupled
plate–spring–mass system (damping is neglected since it was shown to be typically very small).
The mode shapes during the contact phase are consequently not sinusoidal. At the end of the
impact, the hammer looses contact with the plate, and the plate vibrates freely according to its
natural sine modes.
The Love–Kirchhoff model for the normal displacement W ðP; tÞ of the plate is used

Dr4W ðP; tÞ þ rh
@2W ðP; tÞ

@t2
¼ F1ðtÞdðP;P1Þ; ð1Þ

Hammer headForce
transducer

Tip

m1

k1

c1
x1

W

plate

Fig. 4. Impact hammer model.
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D ¼
Eh3

12ð1� n2Þ
; ð2Þ

where D is the plate bending stiffness, E the Young’s modulus, h the plate thickness, n the Poisson
ratio, r the mass per unit area, P the location of the current point, P1 the location of the impact
point, t the time, F1ðtÞ the force between the plate and the hammer, and dðP;P1Þ the Dirac
distribution.
The plate displacement is sought as an expansion in the natural modes fjmng of the simply

supported plate

W ðP; tÞ ¼
X

m

X
n

wmnðtÞjmnðPÞ; ð3Þ

with

jmnðPÞ ¼ sin
mpx

a

� �
sin

npy

b

� �
; ð4Þ

where a and b represent, respectively, the length and height of the plate. The definition of co-
ordinates x and y are shown in Fig. 1. The equation of motion of the hammer is

m1 .x1ðtÞ þ k1ðx1ðtÞ � W ðP1; tÞÞ ¼ 0; ð5Þ

where x1 denotes the displacement of the force transducer as shown in Fig. 4, and d the
differentiation with respect to time. The force of the hammer F1ðtÞ acting on the plate is given by

F1ðtÞ ¼ k1ðx1ðtÞ � W ðP1; tÞÞ: ð6Þ
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Fig. 5. Experimental and identified time history of the force applied by an impact hammer. Identified parameters:

m1 ¼ 0:087 kg, k1 ¼ 5	 106 N/m, c1 ¼ 0N s/m; ——, experimental result; , model.
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When the hammer loses contact with the plate, the hammer force F1 is set to zero. Projecting
Eq. (1) on the basis functions fjmng and substituting Eqs. (5) and (6), the following linear system
is obtained:

M .XðtÞ þ KXðtÞ ¼ 0; ð7Þ

where

XðtÞ ¼

w11ðtÞ

^

wmnðtÞ

^

x1ðtÞ

2
6666664

3
7777775
: ð8Þ

The generalized massM and stiffness K matrices are given in Eqs. (9) and (10), where the value of
the function jmnðPÞ evaluated at the point P1 is denoted jmn:

M ¼ r
ab

4

1 0 y 0

1 ^

& 0

sym
4m1

rab

2
666664

3
777775
; ð9Þ

K ¼

K11 þ k1j11j11 y k1j11jmn y �k1j11

& ^

Kmn þ k1jmnjmn �k1jmn

& ^

sym �k1

2
6666664

3
7777775

ð10Þ

with

Kmn ¼
ab

4
D

mp
a

� �2

þ
np
b

� �2

 �

: ð11Þ

The modes of the plate–hammer system are calculated by solving the generalized eigenvalue
problem

PTMP ¼ ½dij�; PTKP ¼ ½o2
i dij�; ð12Þ

where P is the mass normalized transfer matrix from the coupled system’s modal basis to the
plate’s modal basis, and oi are the natural frequencies. Using the matrix P; the following system
of uncoupled equations is obtained:

.RðtÞ þ *KRðtÞ ¼ 0; ð13Þ

where *K is a diagonal stiffness matrix and R is the vector of modal coordinates given by

XðtÞ ¼ PRðtÞ: ð14Þ
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For an impact test, initial conditions at time t ¼ 0 s are W ðP; 0Þ ¼ ’WðP; 0Þ ¼ 0; x1ð0Þ ¼ 0 and
’x1ð0Þ ¼ v0; where v0 is the known impact velocity. Expressing these initial conditions in modal
coordinates, the solution of Eq. (13) can be calculated. The solution XðtÞ is then determined with
Eq. (14).

4.2.2. Experimental validation of the force hammer–plate mode
The model involving one hammer is validated experimentally using a simply supported

42 cm	 48 cm	 3.18mm aluminum plate. The hammer characteristics were identified with a test
on a nearly rigid wall, as shown in Section 4.1. A comparison between the predicted force and the
measured force during an impact on the elastic plate is shown in Fig. 6. The results are excellent
given the very simple model used to represent the behavior of the impact hammer. The force has
no longer the half sine shape shown in Fig. 5 for an impact on a rigid wall because the coupling
between the hammer and the plate influences the impact force.
The model can be easily expanded to a double hammer impact by introducing a second hammer

with characteristics k2; m2: An equation equivalent to Eq. (6) is used to estimate the force applied
to the plate by the second hammer at an impact point P2: The size of the matrices is augmented in
order to take into account the extra degree of freedom x2:

4.3. Comparison analysis of two synchronized impact forces

A suitable two hammers–plate model being available, the possibility of generating two identical
impact forces is examined in this section. The influence of the distance d on the time variations of
the two applied forces is analyzed. All the results are given for the case where the two hammers
apply a force directly on each side of the plate. In Fig. 7, three plate thicknesses are considered.
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Fig. 6. Comparison of the experimental and calculated force time histories. Plate dimensions: a ¼ 48 cm, b ¼ 42 cm,

h ¼ 3:18mm; impact point coordinates (15 cm, 15 cm); —––, experimental result; , model.
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The time variations of both forces are presented for several values of d: For a thin plate and a
large value of d; the coupling between the plate and the hammer influences differently the two
forces, meaning that the input impedances are different, with the consequence that the time
histories are distinct. For a thicker plate or smaller values of d; both forces are indistinguishable,
and a couple is obtained. Increasing the distance d or reducing the plate thickness have in fact the
same effect on the relative length of the separating distance and the wavelength of the modes of
the plate. As noted before, this is the main factor controlling the behavior of the two impact
forces.
A similar analysis can be done in the frequency domain. The force spectra of F1 and F2 for three

values of d are shown in Fig. 8. The 6 curves correspond to the curves shown in Fig. 7b
(h ¼ 3:18mm) for the specified values of d: For an impact technique, it is common practice to fix a
high-frequency limit for the test, which corresponds to a 10 dB drop in the force energy
magnitude. For this usable frequency range, Fig. 8 shows that the two force spectra are
indistinguishable. In practice, the two force spectra can be measured to check the accuracy of the
pure couple assumption.
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Fig. 7. Comparison of the time variations of forces F1 and F2 for different force separation distances d for three plate

thicknesses. (a) h ¼ 2mm; (b) h ¼ 3:18mm; (c) h ¼ 5mm. , force 1; ——, force 2.
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4.4. Frequency response function calculation

Similarly to a force, the moment of a couple MC typically generates translation as well as
rotation of the structure. The mobility matrix as well as other types of FRFs shown in this section
are calculated as follows:

1. the forces F1ðtÞ and F2ðtÞ are calculated in the time domain by substituting the solutions of
system (7) presented in Section 4.2.1 into Eq. (6);

2. the Fourier transform is used to calculate the frequency spectra of the resulting forces;
3. the Fourier spectra are introduced as external excitation acting on the simply supported plate to

calculate the two FRFs between each force location and the desired response point.

Using this approach, two FRFs were calculated, and the results are shown in Fig. 9 for the plate
of thickness 3.18mm used in the experimental validation at the end of the paper. Fig. 9a shows the
ratio of the rotational velocity obtained from the action of the two forces F1ðtÞ and F2ðtÞ; over the
moment MC generated by these two forces according to the relation

MC ¼ ðF1 þ F2Þ
d

2
: ð15Þ

Fig. 9b shows the ratio of the translational acceleration over the moment MC : In each case, two
curves are shown. The ‘‘moment with ideal forces’’ curve (thick line) assumes that both forces
have rigorously equal magnitudes. The thin line curve uses the forces F1 and F2 calculated with the
model developed in the previous sections. Although these forces take into account the coupling
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between the plate and the hammers, the two sets of results match almost perfectly and the
difference between the curves is always smaller than a fraction of a dB.
It can then be concluded that, in this frequency range and for the considered plate, it is possible

to obtain a set of two forces that can be considered as a couple, despite the coupling between the
hammers and the plate.
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5. Experimentation

5.1. Experimental device description

In order to experimentally implement the proposed technique, a device that can apply two
controlled and synchronized impacts was fabricated. The block diagram of the system is shown in
Fig. 10. The system uses two small brushless three-phase permanent magnets. The motors are
controlled by a DSP board equipped with a TMS320F240 DSP, incorporating analog I/Os motor
bridge and position sensors. Using mechanical adapters, a PCB miniature impulse force hammer
model 086D80 was installed on the shaft of each motor. The force transducer signal is powered by
a PCB ICP signal conditioner model 482A17. The force signals are filtered (low pass) by a
Rockland Dual Hi/low filter model 852. The signals are then sent to the DSP card. The card is
connected to a PC via a RS232 interface connection.
Both the magnitude and the synchronization of the two impact forces must be controlled. This

is performed through an optimization procedure, using repeated hits. At each hit, the error in
magnitude between the two forces is characterized by the difference of the time integral of the
force signals. The time shift is evaluated by the time where the cross-correlation function of the
force signals is maximum. The system calibrates itself by adjusting the signals provided
respectively to each motors.
An aluminum plate with the same dimensions as the plate described in Section 4.2.2 is used.

The plate is fixed to a heavy frame via a flexible thin connection plate in order to obtain
simply supported boundary conditions. Fig. 11 shows two pictures of the system. Small
plastic targets are glued to the plate at the impact points. They are used to control the
frequency content of the force impulse (only one target on each side of the plate is of use, the
second one gives an idea of the distance between the impact points). A relative calibration
procedure was used to correct any relative sensitivity variation between the force transducers.
Each hammer, driven by its own motor, was used to hit on a third force transducer fixed to a large
rigid mass. Using the fixed force transducer measurement as the reference signal, a correction
taking into account the specific behavior of each hammer was then applied to the sensitivity of
each hammer.

ICP force
sensor
conditioner

DSP
card

Hammer 1

Low pass filter
PC

Hammer 2

Motors

RS 232

1 2 1 2

1

2

Fig. 10. Schematic description of the moment impacting device.
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5.2. Result analysis

Fig. 12 shows the measured energy spectral density of the two forces. A force separation
distance of 10 cm is used. The spectrum is not flat at the beginning of the frequency range as one
would normally expect for an impact because of the filtering effect of the high pass filter of the
analyzer. The two curves are very similar, which indicates that the system seems to control
adequately the two impacts.

(a)

(b)

Fig. 11. Pictures of the plate and the impact system. (a) Only one hammer can be seen from these view angles, the

second hammer being hidden by the plate. (b) On the closer view, impact plastic target can be seen. A coin is

temporarily glued between the two targets to give a scale reference.
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Another quality indicator is obtained by comparing the individual FRFs measured when both
forces are active. If both forces are identical, the individual FRFs between the acceleration output
and each force taken individually should be identical. Fig. 13 compares the magnitude and phase
of the two FRFs. The curves overlay almost perfectly, which indicates that the two forces can be
considered almost identical. It is interesting to note that it is always possible to measure these
spectra. They can readily be used as a quality indicator to make sure that the impacting system
provides a nearly pure couple.
Moment accelerance FRFs are compared for a force separation distance d of 3 cm in Fig. 14,

and 10 cm in Fig. 15. Each figure shows in thin line the experimental frequency spectrum of the
ratio between the accelerance measured at a point divided by the moment generated by the two
impact forces applied elsewhere on the plate. The moment is calculated according to Eq. (15). The
theoretical curves (thick lines) represent the FRF between a pure moment applied in the
appropriate direction at the mid-point between the forces (17 cm, 24 cm) and the acceleration at
the point (17 cm, 30 cm). Simply supported plate boundary conditions are assumed for the
calculation and one single damping coefficient is used for all the modes. Note that the first peak at
20Hz is associated with the rigid body mode of the support fixed to the table. The agreement
between the theoretical and the experimental curves is excellent despite the difficulty of fabricating
a simply supported plate that would offer nearly perfect theoretical boundary conditions.
For a force separation distance of 3 cm (Fig. 14), one can notice some discrepancies between the

theoretical results and the measurement for the first two modes at 80 and 176Hz. In addition,
despite the averaging process, some noise remains on the measurements at lower frequencies. For a
force separation distance of 10 cm (Fig. 15), the same two modes are measured correctly and noise
effects are reduced. This is expected since a large separation distance will generate a moment with
magnitude that will succeed to excite the lower modes associated with longer bending wavelength.
Consequently, to be able to excite modes with large wavelength, a combination of large separation
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Fig. 12. Energy spectral density for the two impact forces. Distance between forces: d ¼ 10 cm. Force 1 located at

(17 cm, 19 cm); ——, force 2 located at (17 cm, 29 cm).
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distance and high force magnitude should be used. To excite higher modes, a smaller separation
distance should be used to avoid the bias created by the use of two forces. For a distance d ¼ 10 cm
with the plate used in this section, this bias effect appears only above 1000Hz.
The appropriate selection of separation distances and force amplitudes will depend on the

structure tested, and more specifically, on the modes wavelength. With this impacting technique
requiring no attachment fixture, it is rather easy to change the configuration setup. Several
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Fig. 13. (a) Magnitude and (b) phase of the FRFs measured simultaneously for both forces during the moment impact

testing. Force locations: F1 (17 cm, 19 cm); F2 (17 cm, 29 cm); distance between forces: d ¼ 10 cm; acceleration location

at (17 cm, 30 cm). , FRF using F1 as the reference; ——, FRF using F2 as the reference.
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separation distances can then be used in order to obtain accurate results. This is similar to the
measurement of acoustic intensity where different microphone separation distances are used to
measure intensity over the whole frequency spectrum.
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Fig. 14. Ratio between the translational acceleration and a moment. Force locations: F1 (17 cm, 22.5 cm); F2 (17 cm,
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Fig. 15. Ratio between the translational acceleration and a moment. Force locations: F1 (17 cm, 19 cm); F2 (17 cm,

29 cm); distance between forces: d ¼ 10 cm; acceleration location (17 cm, 30 cm). , theoretical result using a pure

moment; ——, experimental result with a moment generated by the two impact measured forces F1 and F2:
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6. Concluding remarks

The technique that uses two forces for generating moments has been employed for several
years. In this paper, two impact hammers are used to generate the forces. Since the two forces are
applied on each side of a plate, no additional fixtures are needed. It was first necessary to study
how two distant identical forces can generate an almost pure moment. Then, a model that uses
one degree of freedom to represent the behavior of an impact hammer and that takes into account
the coupling between a simply supported plate and the hammers was developed. It has been
shown that two synchronized hammers hitting the structure at the same initial velocity would
generate forces that are very similar at all times. In the usable frequency range, the frequency
spectra of the two forces do not differ by more than a fraction of a dB. Theoretical translational
moment accelerance and rotational moment mobility have been calculated taking into account the
coupling between the forces impact hammer and the structures. The results have been compared
to the same quantities obtained with ideal identical forces. Despite the coupling, the two impact
hammers succeed in generating forces that mimic a pure couple.
An experimental device to control the forces applied on each side of a plate by two impact

hammers has been fabricated and tested. It was shown that, in the case of a thin homogeneous
plate, the impact forces applied simultaneously are almost identical. The measured translational
moment accelerance agrees very well with the theoretical results. Different force separation
distances may be selected to test the whole frequency range of interest.
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